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Supersonic Airfoil Optimization

James L. Pittman*
NASA Langley Research Center, Hampton, Virginia

A procedure for the optimization of supersonic airfoils is presented. A nonlinear, full-potential solver (NCOREL)
is coupled with a numerical optimizer (CONMIN). The NCOREL code is a three-dimensional supersonic marching
method; however, only two-dimensional (conical) results are used for the airfoil problem. Each airfoil evaluated in the
NCOREL aerodynamic code is composed of a linear combination of user-specified basis airfoils. The weighting
factors of the basis airfoils plus the angle of attack form the design variable vector. The inviscid drag coefficient is
minimized subject to lift and crossflow Mach number gradient constraints. The optimization strategy is found to be
extremely important for the efficient determination of an optimum airfoil.

Nomenclature
a = speed of sound, Eqgs. (1) and (2)
a; = basis airfoil weighting factors, Eq. (8)
ay = stagnation speed of sound, Eq. (2)
Cp, =inviscid drag coefficient
C, = calculated lift coefficient, Eqs. (5) and (6)
ClLawgn = User-specified lower lift coeflicient, Eq. (5)
CLy, = user-specified upper lift coefficient, Eq. (6)
C, = surface pressure coefficient
F = general objective function, Eq. (3)
G; = general inequality constraints, Eq. (4)
I = leading-edge radius parameter (Fig. 2, Table 1) or

grid point identifier, Eq. (7)
= dummy indices, Eqs. (4) and (8)
= freestream Mach number
= crossflow Mach number
= number of basis airfoils
= total velocity vector, Egs. (1) and (2)
= design variable vector, Egs. (3) and (4)
= composite airfoil, Eq. (8) '
= basis airfoil, Eq. (8)
= local spanwise location of wing leading edge
= global vertical coordinate
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angle of attack, deg

= initial angle of attack, deg

=ratio of specific heats

= wing tip camber angle, see. Fig. 2

= nondimensional spanwise coordinate
LE = leading-edge-sweep angle
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Introduction

NGINEERING work naturally involves optimization, i.¢.,
the “best” set of design parameters that will satisfy a given
set of constraints. Often, this work is accomplished by the
laborious and time-consuming approach of extensive trade
studies. A more efficient approach is to allow an optimization
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algorithm to make decisions to move the design toward the
optimum in an automated fashion. One engineering problem
that has been approached with automated optimizers is aero-
dynamic design. As computational speeds increase and as more
efficient and reliable computational algorithms are developed,
the approach that couples aerodynamic analysis tools with au-
tomated optimizers becomes more practical. Overviews of
aerodynamic optimization can be found in Refs. 1 and 2. Since
the publication of Refs. 1 and 2, several additional papers have
been published on the topic of transonic aerodynamic opti-
mization.>” Previous work for supersonic flow has utilized lin-
ear aerodynamic methods that are amenable to direct
optimization for infinitely thin camber surfaces for three-
dimensional wings.®"'° Experimental verification of the super-
sonic linear theory optimum design, however, has achieved less
than 50% of the theoretically predicted gains.'! Problems arise
from the weaknesses in the linear aerodynamic method, which
decouples thickness from camber and which has a singularity
at the leading edge of a wing swept within the freestream Mach
cone (subsonic leading edge). Consequently, a need exists for a
more accurate method of defining optimum wings in super-
sonic flow. An initial step in the development of this capability
is the investigation of the two-dimensional problem.

The present study describes a method that couples a nonlin-
ear, full-potential code (NCOREL)!>!* for supersonic flow
with an automated optimization code (CONMIN).** The
NCOREL nenlinear, full-potential code couples thickness,
camber, and angle-of-attack effects by solving exact tangential
flow boundary conditions on the wing surface. The leading-
edge singularity present in linearized potential theory is not
present in the nonlinear potential theory. Consequently, accu-
rate surface pressures are computed on the actual wing surface
including the leading edge. Also, the position and strength of
the bow shock, as well as the occurrence of embedded flowfield
shocks, are accurately computed for low-to-moderate super-
sonic Mach numbers.

The CONMIN optimization program is a gradient search
method that was chosen for reliability and robustness. Due to
its widespread use for engineering problems, the original code
has been updated several times, yielding a more mature and
reliable technique.

Nonlinear, Full-Potential Aerodynamic Method

The NCOREL code solves the nonconservative form of the
steady-flow, three-dimensional, full-potential equation written
in spherical coordinates. The governing equations in terms of
the velocity vector @ and the speed of sound a may be written
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as

aV.0-10.(Q.0)=0 )
and
a®+ [y —1/210 . 0 = a3 2

Exact boundary conditions are specified on the body surface.
The three-dimensional full-potential equation written in a
spherical coordinate system reduces identically to the conical
(two-dimensional), full-potential equation in the initial data
plane. The conical equation is used to initiate the three-dimen-
sional marching solution, which then marches implicitly in
space along concentric spheres at user-specified radii. Implicit
marching was chosen since this method allows larger step sizes
than is possible with explicit marchers. For the present applica-
tion, however, only the conical (two-dimensional) results are
required; therefore, no space marching is performed.

Grid generation is controlled by specifying marching step
size and the number of grid points for each spherical solution
plane. The grid points in each spherical solution plane are
evenly spaced in the radial direction between the inner
boundary (the geometry) and the outer boundary (the bow
shock). The grid points around the geometry are clustered in a
cosine fashion at the leading edge since this is the region of
large flow gradients. The resulting set of linear, simultaneous
equations is solved using the successive line over relaxation
(SLOR)*? or the approximate factorization (AFIZ)'® tech-
nique. The other aspects of grid generation and mapping are
internal to the code. .

The sketch in Fig. 1 shows a delta-wing planform and two
airfoil sections of the planform. Section A—A is a typical airfoil
section for subsonic and transonic analysis and design. Due to
the different physics of the supersonic flow, however, a more
physically meaningful airfoil for supersonic Mach numbers is
section B-B. This section is the intersection of the two-dimen-
sional spherical surface, which is a sphere centered at the apex
of the planform, with the wing planform. Therefore, a super-
sonic airfoil can also be considered a semi-infinite cone of arbi-
trary cross section. The optimization procedure will consider
only zero sideslip; consequently, only half the supersonic airfoil
will be analyzed.

Optimization Method

The CONMIN code iteratively solves lincar or nonlinear
constrained optimization problems using the conjugate gradi-
ent method'® or the method of feasible directions.'”!® Given a
set of initial conditions for the design variables and a set of
design constants, the code first determines if the initial values
are in the feasible design space, i.e., the space where none of the
design constraints are violated. If not, then the design variables
must be changed until the feasible design space is located. At
this point, the method can search to find the optimum design
within the feasible design space. For the present study, the
CONMIN code is used, so that for each of the n design vari-
ables, the analysis code is called for each perturbation of the
design variables. The information from the analysis code is
used in CONMIN to determine the direction and magnitude of
the move in the n-dimensional design space.

Optimization Problem
The optimization problem is stated mathematically as

Minimize F(X) (3

subject to G(X) <0, j=1,m (4)
where F is the objective function, G; are the inequality con-
straints, and X is a vector of design variables determined by the
optimizer. For the supersonic airfoil problem, the objective
function is the inviscid drag coefficient C, , and the constraints

J. AIRCRAFT
are
C
1-—%-<0 (5)
design
&
—1<0 6
o ©)
and

where Cp . and C,  are specified by the user. The desired
final lift coefficient is C, ., and C,__is an upper limit. The
upper lift coefficient constraint is not necessary to work the
problem since an optimization of inviscid drag coefficient
drives the lift coefficient to lower values, but the upper con-
straint provides a more efficient search if the initial analysis
yielded a lift coeflicient well above Cp, . .

Equation (7) is a constraint on crossflow Mach number gra-
dicnt and is intended to be an empirical means of preventing
flow separation, which is linked to strong flow gradients. A
sudden’ drop in crossflow Mach number from the point I to
point I + 1 indicates an embedded shock in the flowfield, pro-
vided that M (I) > 1.0, i.e., a supersonic crossflow point. The
parameter AM, in Eq. (7) is an arbitrary, user-defined con-
stant. The purpose of this constant is to allow small compres-
sions to occur without a penalty. Thus, if the drop in crossflow
Mach number is less than or equal to AM_, then the constraint
is not violated. This constraint could also have been formu-
lated on surface pressure gradient as a means of preventing
flow separation.

At each analysis call, a composite airfoil consisting of a
linear combination of » basis airfoils is evaluated. The com-
posite airfoil for evaluation is defined by

Y =aY; i=1n (8
where Y are user-specified basis airfoils and the a; are the
weighting factors that are the design variables X. The angle of
attack can be a design variable or a user-specified design con-
stant. The basis airfoils are analytically defined and were cho-
sen based on previous favorable experience with a high-lift
cambered wing that was designed using NCOREL and experi-
mentally verified® at M = 1.62. The airfoils chosen as basis
airfoils have the modified NACA four-digit thickness distribu-
tion and circular arc camber surfaces. The modified NACA
four-digit thickness distribution allows control of the maxi-
mum thickness ratio, maximum thickness location, and lead-
ing-edge radius. The circular arc camber allows control of the
wing tip camber angles and also has a relatively flat camber
surface inboard that is important for practical application.

The design constants are Mach number, leading-edge sweep
angle, maximum thickness ratio, and maximum thickness loca-

+ [

Conical airfoil (supersonic)
Planform

$A

Section B-B

Streamwise airfoil (transonic)

Fig. 1 Airfoil geometry. Section A-A
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Fig. 2 Example basis airfoils, NACA 0004-14 thickness circular arc
chamber.

tion. The number of basis airfoils does not change as the opti-
mization process advances, but the user initially specifies the
number of basis airfoils as well as the exact shape of each basis
- airfoil by setting the leading-edge-radius parameter I and the
wing tip camber angle 6. Some example basis airfoils are shown
in Fig. 2. The thickness distribution is specified as a NACA
0004-14 thickness where I is the integer leading-edge radius
parameter that varies from 0 (sharp leading edge) to 9
(rounded leading edge). The inset in Fig. 2 better illustrates the
effect of varying 7 on the leading-edge radius. The camber
surface is specified by the wing tip camber angle that varies
from 0 deg (flat wing) to some large value, e.g., 40 or 50 deg.
However, large camber angles should be avoided in basis air-
foils because a sufficiently large camber angle can move the
stagnation point to the upper surface of the wing at a low angle
of attack, effectively making the upper surface of the wing the
lower surface to the airflow. This flow condition will slow con-
vergence of the aerodynamic code.

Optimization Strategy

The way that NCOREL and CONMIN are coupled has an
influence on the computational efficiency of the optimization
procedure. The most direct method is to call NCOREL for
each perturbation of the design variables and then allow CON-
MIN to use the aerodynamic information to move in the design
space toward the minimum. However, this approach is costly
and several means of reducing computational time were stud-
ied. The approaches taken to reduce execution time focused
entirely on the NCOREL code, since most of the computa-
tional work occurs there.

Two test cases at M =1.60 and « =4 deg are chosen as
model problems to define an efficient optimization strategy.
The specified lift coefficient is C; . = 0.150 and the angle of
attack is a design constant rather than a design variable for

Fig. 3 Effect of different basis on the optimum airfoil, M=1.60,
a = 4 deg, Arx = 60 deg, CLdesign = 0.150.

these two model problems. A summary of pertinent informa-
tion is listed in Table 1. The first model problem consists of
three basis airfoils (n =3) defined in Table 1. Twelve
NCOREL calls were required for an execution time of 11.4 min
on the CDC CYBER 175 computer. The second model prob-
lem consists of six basis airfoils (n = 6). This problem required
26 NCOREL calls and 24.5 min of CYBER 175 time. The
original execution of the optimization procedure (labeled con-
trol in Table 1) initiated each aerodynamic analysis from
freestream conditions. The column labeled Restart indicates
that the converged aerodynamic solution from an aerodynamic
analysis is saved and used to initiate the aecrodynamic analysis
of the next airfoil. The restart procedure basically provides an
improved starting solution for each airfoil except for the first,
which still must start from freestream conditions. The result of
this approach is a reduction in execution time of 63 and 81%
for the n =3 and 6 cases, respectively. A further reduction in
execution time is realized by using the AFIZ solver!’ instead of
the SLOR solver.!? The AF1Z scheme yielded a 36 and 11%
reduction in run times compared to SLOR for the n =3 and
6 cases, respectively (the restart option is still used). Fur-
ther improvement was achieved by utilizing a CDC VPS-32
parallel-processing computer. Although the NCOREL code is
not presently vectorized for the VPS-32, significant reductions
in execution time are shown. The » = 3 model problem yielded
a further 63% reduction and the » = 6 case a 54% reduction.
Overall, the total reduction in execution time from the original
procedure (control) to the final VPS-32 time is 91 and 92% for
the n =3 and 6 cases, respectively. Further improvements in
computer resource requirements can be expected through grid
refinement, vectorization of the NCOREL code for the VPS-32
processor, and approximate optimization strategies (e.g., Ref.
20). However, the most efficient optimization strategy shown in
Table 1 was selected as the approach for the remainder of the

Table 1 Timing study of optimization procedure

No. of Basis CDC CYBER 175,
basis airfoil CPU min
airfoils description Initial NCOREL VPS-32
n I 6,deg weights calls Control Restart AFIZ computer
3 9 0 1.0 12 114 4.2 2.7 1.0
3.0 0.5
0 40 0.5
6 9 0 1.0 26 24.5 4.6 4.1 1.9
3 0 0.5
0 0 0.5
3 10 0.5
3 20 0.0
0 30 0.0
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research. Finally, a 29 x 19 computational grid was selected to
achieve a further 16% reduction in run time compared to the
29 x 29 grid.

All the optimization strategies discussed in this section of the
paper converged to the same optimum airfoil and flowfield to
the fourth decimal place. Also, several of the intermediate air-
foils that were defined by the optimizer were randomly selected
for separate analysis by the NCOREL code. Each airfoil ana-
lyzed separately in the NCOREL code yielded the same flow-
field as determined in the optimization procedure for that same
airfoil. This indicates that the choice of the starting solution for
the aerodynamic code (i.e., starting from the freestream condi-
tion or a previously obtained solution on a similar airfoil) does
not influence the final result of each aerodynamic calculation.

Optimization Results

Fixed «

Example results are now presented for several cases in which
the angle of attack is treated as a design constant. The opti-
mum airfoils and the corresponding optimum pressure distri-
bution for the two model problems previously discussed are
shown in Fig. 3. The design constants are Mach 1.60, 4-deg
angle of attack, and 60-deg leading-edge sweep angle. The de-
sign lift coefficient is 0.15. The variable in Fig. 3 is n, the
number of basis airfoils. The difference between the n = 3 and
6 optimum airfoils is confined to the upper surface outboard of
about 60% of the semispan. The n = 6 airfoil has a thinner
section in this region compared to the n = 3 airfoil and, conse-
quently, also has a lower inviscid drag coefficient. The corre-
sponding pressure distributions differ on both the lower and
upper surface in the leading-edge region due to a slight shift in
the stagnation point. More important, the character of the two
pressure distributions is different, i.e., the n = 6 pressure distri-
bution exhibits a small leading-edge suction spike that is unde-
sirable because such spikes are intuitively linked to flow
separation. However, the presence of the leading-edge suction
spike is sometimes grid related in that it disappears on a finer
grid. To examine the grid effects, an NCOREL analysis of the
n = 6 optimum airfoil was performed on a 57 x 37 grid and the
leading-edge suction spike remained on this fine grid, although
the peak was reduced. This result indicates that the n = 6 air-
foil may experience some leading-edge flow separation in the

M=160,a=4° A= 60°

-2 Design Cp, NCOREL VPS
r L i calls time, min
-1 // .165 .0154 21
0'___:—_.—— =S I 150 .0140 14 0.8
L  —-—.125 .0124 22 1.2
1.50 -
1.25
1.00

M¢ .75
.50
.25
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n

Fig. 4 Effect of C,, ., at constant « on the optimum airfoil.

Table 2 Set of basis airfoils

1 6, deg I 0, deg
9 0 3 10
3 0 3 30
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viscous flow. Since the inviscid drag coefficient is lower for this
airfoil, an objective function based solely on the inviscid drag
coefficient without a constraint on the pressure gradient or
crossflow Mach number gradient may not always provide the
best optimum in the viscous flow. However, it is possible to
avoid this problem to some extent by choosing basis airfoils
that do not overly emphasize a sharp leading edge. This is
shown by the n =3 optimum airfoil and its corresponding
pressure distribution, which does not have a leading-edge
suction spike.

The set of basis airfoils used for further study are defined in
Table 2. These basis airfoils were chosen to provide a broad
range of I and 6. The design constants stated in the beginning
of this section were chosen as the baseline. Various perturba-
tions about the baseline are now considered.

The first perturbation considered is on C; . The result of
an optimization for CLdesign values of 0.165, O.1§0, and 0.125 at
a constant o = 4 deg is presented in Fig. 4. The airfoils result-
ing from the optimization vary considerably, as do the pressure
distributions corresponding to those airfoils. The optimum air-
foils show that camber is used to relieve the pressures and
thereby reduce the lift coefficient at constant angle of attack.
The Cy .= 0.150 pressure distribution is seen to be free of
the leading-edge pressure spike that was previously noted for
the n =6 case for the same conditions. However, this phe-
nomenon does develop as the lift coefficient is increased to
0.165. Also shown in Fig. 4 is the crossflow Mach number
distribution corresponding to the optimum airfoils. The
crossflow Mach number is a two-dimensional Mach number
that ignores the radial component of the velocity vector and so

M = 1.60, C =.15, A, = 60°

LE
a,deg Op, NCQREL _VPS

Ldesign

—4r calls  time, min
_al 3° 0145 21 1.1
Bl T 4° 0140 14 0.8
—2r —-—5° 0146 a5 2.0
-1k 1.75
S}
1.50f
1.25F
M¢ 1.00
75
20 .50
‘ .25
3] G EE N e 1S N
0 2 4 .6 80 0 2 4 .6 810

n n

o
15, ALE_sp
-3 a; Cp NCOREL VPS
-1 i calls time, min
o 3.34° 0132 19 1.0
451° .0144 28 1.3
A
Cp
2 1.25
.3 1.00
N A O A O
4 .75
M
2~ ¢ 50
Ve 0:—--“__‘: .25
-2l b L LTy
0 .2 4 6 810 0 2.4 6 .81.0
n A

Fig. 6 Effect of initial « on the optimum airfoil where « is a design
variable.
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is analogous to the local transonic (two-dimensional) Mach
number discussed in the analysis of transonic airfoils. The
crossflow Mach numbers are subsonic for the Cy . =0.125
and 0.150 cases, but there is a small supersonlc crosstiow region
for the C, . =0.165 case. This region corresponds to the
leading-edge suction spike noted in the pressure distribution
for that airfoil. Therefore, the leading-edge suction spike is a
rapid expansion to supersonic crossflow conditions that is
almost immediately followed by a crossflow shock. For a
sufficiently strong crossflow shock at the leading edge,
boundary-layer separation may result in viscous flow.

An angle-of-attack variation at constant Cp . is shown in
Fig. 5. Once again, considerable variation occurs in the opti-
mum airfoils and corresponding pressure distributions. The
results can be impractical, as illustrated by the « = 3-deg case.
The pressure distribution for this particular case is character-
ized by a leading-edge suction spike that is also clearly evident
on the crossflow Mach number plot.

Variable «

The results of the previous section indicate that the angle of
attack should also be considered as a design variable in addi-
tion to the weighting factors of the basis airfoils. The addition
of a new degree of freedom should yield a better design, since
the optimization procedure can now vary the airfoil thickness,
camber, and angle of attack to find the best minimum drag
design.

An optimum airfoil was determined for a C, . =0.150 at
M = 1.60. The four basis airfoils from the previous section are
utilized and the design variables are the four weighting factors
plus angle of attack. Several different initial angles of attack
were selected to start the optimization process. The optimum

M = 1.60, A, - = 60°
8r LE

o7k
.06 |-
05|
Cp. .04}
03k
02}

01

0_

Fig.7 Drag polar for two optimum airfoils designed for the same condi-
tions.

M =1.60, a; = 3", chesign=

= CD NCOREL VPS
-1F /| Constraints qtinal calls time, min
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3 3.80° .0142 27 1.3
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Fig. 8 Effect of the crossflow Mach number gradient constraint when «
is a design variable.
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airfoils for the initial angles of attack of 3 and 5 deg are pre-
sented in Fig. 6, along with the corresponding pressure and
crossflow Mach number distributions. The difference between
the two optimum airfoils is significant. The final angle of attack
of the optimum airfoil for which the initial angle of attack was
3 deg is 3.34 deg. The final angle of attack of the optimum
airfoil for which the initial angle of attack was 5 deg is 4.51 deg.
The first airfoil represents a minimum drag airfoil that relies
primarily on flat plate lift, whereas the second airfoil uses cam-
ber to relieve the flat-plate lift of the higher initial angle of
attack. The result of this analysis indicates that the design
space possesses local minima in addition to those shown previ-
ously for different basis airfoils. Also, the pressure distribu-
tions for both airfoils are less than desirable because of the
rapid expansion at the leading edge. The more cambered airfoil
exhibits a small leading-edge suction spike, but the spike does
not become supersonic.

One means of determining the best solution from a number
of candidate optimum airfoils designed for the same conditions
might be found in the inviscid drag polar. The inviscid drag
polar for the two airfoils of Fig. 6 is given in Fig. 7. The more
cambered airfoil has a higher inviscid drag coefficient at
CL e DUt for [lift coefficients more representative of
maneuver condltlons, e.g., C; = 0.40, the more cambered air-
foil is superior.

Another method for dealing with leading-edge pressure
spikes or a larger region of supersonic crossflow is the addition
of a constraint on the crossflow Mach number gradient. A

M =1.62, a=9.05° /\.LE=57°, Cc =.392

1.6

1.2+ Bow shock

l'design

__Cross flow
__shock

Cross flow sonic line

Fig. 9 High « flowfield description.

M= 1.62, ALE = 579, chesign = .392

. C, NCOREL VPS
Grid o D; “calls time, min
29x19 9.08° .0604 44 2.3
------- 57 x 37 9.20° .0599 41 83
p Crossflow
- shock
-2 _\ 175
6 0 L50 |-
2 125 %
4 1.00
sl M 5L
2F 50 |
N of — B}
3 DI s 11
0.2 .4 .6 810 0 .2 .4.6.810
n n

Fig. 10 Effect of grid density on a high « optimum airfoil.
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constraint of the form of Eq. (7) was added with AM, =0.15
and the variable-angle-of-attack case with an initial « = 3 deg
was re-examined. The results given in Fig. 8 show that angle of
attack and camber are both used to satisfy the constraint on
the crossflow Mach number gradient and that the optimum
pressure distribution is improved by the addition of the
crossflow Mach number gradient constraint. The final o for the
original problem was 3.34 deg, whereas the additional con-
straint caused the final « to change to 3.80 deg. This additional
constraint required additional analysis calls and computational
time.

High o

The previous test cases focused on low-angle-of-attack con-
ditions. Under these conditions, the flowfield is usually at-
tached to the wing surface. A more difficult problem occurs for
high angles of attack where flow separation is likely. One ap-
proach to the high-angle-of-attack problem is to use the wing
camber and leading-edge radius to prevent flow separation ata
high angle of attack. This attached flow approach to high-
angle-of-attack flows was experimentally verified and reported
in Ref. 19,

The essential features of the high-angle-of-attack, attached
flow are shown in Fig. 9. The airfoil geometry, bow shock,
crossflow shock, and crossflow sonic line are shown in this
figure. The crossflow inside the bow shock (but outside the
crossflow sonic line) is subsonic. At high angles of attack, the
flow expands around the leading edge to supercritical crossflow
Mach numbers, which is the region inside the crossflow sonic
line. However, this flow must compress to subcritical crossflow.
The recompression occurs through the crossflow shock, the
location of which corresponds to the inboard portion of the
crossflow sonic line.

The conditions for the high o problem are M =1.62,
ClL oy = 0-392, a leading-edge sweep angle of 57 deg, and a
maximum thickness ratio of 5%. The design variable vector
consists of the weighting factors of the composite airfoil and an
angle of attack initially set to 9.6 deg. The lift constraints and
crossflow Mach number gradient are applied with AM_ = 0.23.

Optimum airfoils for the given high « conditions are pre-
sented for two different grid densities in Fig. 10. The finer
57 x 37 grid has approximately four times the grid density of
the 29 x 19 grid. These two grid densities are illustrated in Fig.
11. The nondimensionalized optimum airfoils determined by
the optimization procedure are shown in Fig. 10, along with
the corresponding pressure and crossflow Mach number distri-

GRID DENSITIES
29 x 19 grid 57 x 37 grid

W

Il

W

1T

TR

Fig. 11 Grids for aerodynamic solution.
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butions. The airfoil resulting from the 57 x 37 grid is more
cambered, but the lower surface pressure distributions are vir-
tually identical for both grid densities. This is because the final
o is 9.20 deg for the 57 x 37 grid, but 9.08 deg for the 29 x 19
grid. The differences between the two optimum pressure distri-
butions are confined to the supercritical crossflow region on the
upper surface. The pressure plateau is lower and the crossflow
shock is somewhat weaker for the 57 x 37 grid compared to
the 29 x 19 grid result, but the crossflow shock location is
unchanged.

A leading-edge suction spike of the same magnitude is found
for both grid densities. In some instances, it was found that the
finer grid significantly reduced or even eliminated the leading-
edge suction spike. However, a leading-edge suction spike of
some magnitude is generally present for the high « cases. The
importance of this phenomenon was briefly discussed in the
previous discussion for fixed a cases. The concern is that the
leading-edge suction spike may represent a small leading-edge
shock which might separate the real flow. Due to the irrota-
tional and inviscid assumptions of the full-potential theory,
flow separation cannot be predicted except through empirical
shock strength conditions compared with experimental data.
On the other hand, the leading-edge suction spike may occur
due to insufficient grid resolution at the leading edge and, con-
sequently, might disappear at some unknown grid density.
From a numerical standpoint, leading-edge suction spikes slow
numerical convergence and can cause solution divergence.

An example of controlling the supercritical crossflow region
through the use of the crossflow Mach number gradient con-
straint is given in Fig. 12. Both results presented in this figure
are for identical cases on a 29 x 19 grid and for values of
AM_,=0.23 and 0.15. The optimizer utilized the outboard
camber to reduce the leading-edge suction spike and the pres-
sure plateau in the supercritical region. A higher angle of at-

" tack was chosen, with the result that the lower surface pressure

distributions are virtually identical for both airfoils. The same
positioning of the crossflow shock for the cases shown in Figs.
10 and 12 may indicate that the form of the basis airfoils does
not allow control of the crossflow shock strength or position.

The results of high « airfoil optimization for several Mach
numbers on a 29 x 19 grid are presented in Fig. 13. The initial
conditions and the optimization criteria are the same for all
three Mach number cases shown in Fig. 13. A nearly identical
optimum lower surface pressure distribution is achieved for all
three Mach numbers. This result is obtained through differing
amounts of camber and final « for the several Mach numbers.
However, the supercritical region on the upper surface is ap-
preciably different for all three airfoils. The leading-edge suc-
tion spike occurs for all Mach numbers, but the peak pressure
coefficient decreases for increasing Mach number. However,

M=162, A =57° cl_design =.392
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(4 f D. . .
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Fig. 12 Comparison of the effect of AM, on optimum airfoils for the
high « case and a 29 x 19 grid.
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VARIABLE MACH, ANg= 579, C . . = .392 upper-surface regions of supercritical crossflow referred to as
design leading-edge suction spikes. These leading-edge suction spikes
Mach a Cp  NCOREL VPS may be related to flow separa?ion at the leading edge. A
f i calls  time, min crossflow Mach number constraint was added that alleviated
L50 8.84 0557 43 3.0 supercritical crossflow for a low-angle-of-attack case. This con-
R } gg 3 gg gggz ’;’; gz straint also influenced the final angle of attack if this parameter

-4 : A : was used as a design variable.
175~ High-angle-of-attack test cases revealed the presence of a
crossflow shock in addition to the leading-edge suction spikes.
1501 > Increased grid density did not appreciably change the result of
L5k / the optimization process, with the exception of the execution
100 '/ time. Several Mach numbers were investigated at high o to
M 75 A show the robustness of the procedure, including a nearly sonic

-r / leading-edge condition.

.2r S0 _zEn This two-dimensional study represents the first step in a pro-
Uy o % 5 f cess that will lead to a fully three-dimensional aerodynamic
o Z optimizer for wings in supersonic, inviscid flow. Structural

Fig.13 High « optimum airfoils for several Mach numbers on a 29 x 19
grid.

the peak crossflow Mach number is nearty constant. The width
of the supercritical region increases with increasing Mach num-
ber, but the pressure inboard of the crossflow shock is nearly
independent of the freestream Mach number. The SLOR al-
gorithm was used for the M = 1.80 case due to the difficulty of
applying the AFIZ scheme for this nearly sonic leading-edge
condition, i.e., fcotA g = 0.97 for this case.

The number of analysis calls required to find the optimum
is very important to the overall design process. A general
criterion of 10 x (n + 3) is presented without explanation in
Ref. 20. This study has found that the number of analysis calls
is generally 2-6 x (n + 3). The reasons for the rather large
difference between the number of analysis calls required for
this study and the criterion stated in Ref. 20 are not known, but
they are probably related to the analysis code itself, the flow
regime, the choice of basis airfoils, and the formation of the
constraints among other possible reasons.

Conclusion

A procedure for the optimization of supersonic airfoils has
been developed. The procedure combines the NCOREL non-
linear, full-potential aerodynamic code with the CONMIN nu-
merical optimizer. The airfoils analyzed in the NCOREL code
are formed by a linear combination of user-specified basis air-
foils. The weighting factors of the basis airfoils form the design
variable vector. The angle of attack can be a design constant or
a design variable. The inviscid drag coefficient is minimized
subject to lift coefficient and crossflow Mach numbér gradient
constraints.

The linking of the aerodynamic code and the optimization
algorithm has a strong influence on the computational
efficiency. Several straightforward means of reducing computa-
tional time were investigated and a reduction of 90% in execu-
tion time was shown compared to the original procedure.

Test cases for a constant angle of attack showed that the
procedure can produce an impractical airfoil for certain combi-
nations of the user-specified lift coefficient and angle of attack.
These cases also showed that the final optimum airfoil is depen-
dent on the initial user-specified basis airfoils. The angle of
attack was subsequently included in the design variable vector
and the final optimum was a function of the initial angle of
attack. Several of the low-angle-of-attack test cases developed

deflections can be significant under high loadings and the pos-
sibility of incorporating structure deflections into the optimiza-
tion will be investigated.
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